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In this work, we show that very natural, apparently simple problems in quantum measurement theory can be
undecidable even if their classical analogues are decidable. Undecidability hence appears as a genuine quantum
property here. Formally, an undecidable problem is a decision problem for which one cannot construct a single
algorithm that will always provide a correct answer in finite time. The problem we consider is to determine
whether sequentially used identical Stern-Gerlach-type measurement devices, giving rise to a tree of possible
outcomes, have outcomes that never occur. Finally, we point out implications for measurement-based quantum
computing and studies of quantum many-body models and suggest that a plethora of problems may indeed be
undecidable.
At the heart of the field of quantum information theory is
the insight that the computational complexity of similar tasks
in quantum and classical settings may be crucially different.
Here we present an extreme example of this phenomenon: an
operationally defined problem that is undecidable in the quan-
tum setting but decidable in an even slightly more general
classical analog. While the early focus in the field was on
the assessment of tasks of quantum information processing,
it has become increasingly clear that studies in computational
complexity are also very fruitful when approaching problems
outside the realm of actual information processing, for exam-
ple in the field of Hamiltonian complexity [1–5], or dynamical
problems in channel theory [6]. In the meantime, a plethora
of computationally hard tasks has been identified, both as far
as NP-hard problems are concerned as well as their “quantum
analogues,” the QMA-hard ones. These results show that it is
presumably difficult to find an answer to those problems, but
with sufficient computational effort, it can still be done.
Surprisingly, as will become clear, very natural decision
problems in quantum theory may not only be computation-
ally hard, but in fact even provably undecidable [7, 8], i.e.,
there cannot be an algorithm, or for that matter a standard Tur-
ing machine, that always provides the correct answer in finite
time. As such, this class of problems is in the same category
as the halting problem that was famously shown to be unde-
cidable in Alan Turing’s work from 1936 [9]. The problem
is to determine, given some program and an input, whether
this program will eventually come to an end with that input
– so will “halt” – or whether the program will continue run-
ning forever. The key insight of Alan Turing was to recognize
that there cannot be a single algorithm that is able to correctly
answer every instance of that problem. Of course, one can
execute any algorithm for any finite time, but in case the pro-
gram has then still not halted, one cannot judge in general
whether or not it will ever do so. This seminal insight has had
profound implications in the theory of computing and in fact
even to mathematics: It implies Go¨del’s first incompleteness
theorem [10], which states that a consistent, complete, and
sound axiomatization of all statements about natural numbers
cannot be achieved.
In this work, we demonstrate that the very natural physical
problem of determining whether certain outcome sequences
FIG. 1. (Color online) The setting of sequential application of Stern-
Gerlach-type devices considered here, gives rise to a tree of possible
outcomes. The problem is to decide whether there exists an empty
port through which the particle will never fly.
cannot occur in repeated quantum measurements is undecid-
able, even though the same problem for classical measure-
ments is readily decidable. We do so by employing a reduc-
tion: We show that if the problem that we introduce could al-
ways be solved, then one could find an algorithm that solved
every instance of the halting problem – which cannot be true.
At the same time we prove that the arguably most general
classical analogue of the problem is always decidable, which
shows that the undecidability is remarkably a genuine quan-
tum mechanical feature.
We also suggest that it is reasonable to expect a number of
further such results, in particular in the context of quantum
information and quantum many-body theory.
Setting. The decision problem that we will prove unde-
cidable is motivated by the following natural quantum mea-
surement setting: Consider a measurement device that selec-
tively measures a d-dimensional quantum system and has K
possible outcomes. Such a device is a generalization of a
Stern-Gerlach type device that performs a nonprojective mea-
surement. The K outcomes of the device are associated with
Kraus operators A1, . . . , AK . A measurement leading to out-
come j ∈ {1, . . . ,K} occurs with probability tr(AjρA†j) and
changes the state of the system according to
ρ 7→ AjρA
†
j
tr(AjρA
†
j)
. (1)
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2In a sequence of n measurements, the output state of such
a device is repeatedly fed into an identical measurement de-
vice, leading to a tree of measurements (see Fig. 1). Each path
through this tree is associated with a sequence of outcomes
j1, . . . , jn. In order to have a meaningful decision problem,
where each input can be described by finitely many bits, we
restrict the problem to measurements whose Kraus operators
are matrices of rational numbers:
Definition (Quantum measurement occurrence problem
(QMOP)). Given a description of a quantum measurement
device in terms of K Kraus operators {A1, . . . , AK} ⊂
Qd×d, the task is to decide whether, in the setting described
above, there exists any finite sequence of outcomes j1, . . . , jn
that can never be observed, even if the input state has full
rank.
Note that the notion of undecidability itself is independent
of the physical theory: if a problem is undecidable for classi-
cal Turing machines, then it is also undecidable for quantum
Turing machines, and vice versa since they can mutually sim-
ulate each other. Thus, our result says that the QMOP cannot
be decided, no matter what physical resources we use to try to
come to a decision.
Furthermore, note that in the QMOP one is supplied a per-
fect classical description of the quantum measurement device,
and there is no “quantum uncertainty” in the description itself.
Yet, we will see below that desctructive interference in the
working of the quantum device, as encoded in the Kraus oper-
ators, renders the quantum measurement occurrence problem
undecidable, in contrast to its classical counterpart.
Undecidability of the quantum problem. Figuratively
speaking in the metaphor of the Stern-Gerlach device with its
tree of outcomes, the problem is to decide whether there ex-
ists an empty port somewhere in the tree through which the
particle will never fly. Surprisingly this turns out to be unde-
cidable:
Theorem 1 (Undecidability of the quantum problem). The
QMOP for K = 9 and d = 15 is undecidable.
This statement is a consequence of the undecidability of
the so-called matrix mortality problem (MMP): Given some
finite set of integer matrices {M1, . . . ,Mk}, is there any finite
matrix product Mj1 . . .Mjn that equals the zero matrix? In
other words, does the semigroup generated by {M1, . . . ,Mk}
contain the zero matrix? One can show that the MMP is un-
decidable by reducing it to the so-called post correspondence
problem (PCP) [14, 18] (see the Appendix). More specifi-
cally:
Theorem 2 (Undecidability of the MMP [12, 13]). The MMP
is undecidable for 3× 3 integer matrix semigroups generated
by 8 matrices.
That is to say, there cannot be an algorithm that takes the
input {M1, . . . ,M8} ⊂ Z3×3 and computes in finite time
whether or not there exists a sequence j1, . . . , jn such that
Mj1 . . .Mjn = 0. In fact, in a variant of the argument, the
above theorem is still valid for semigroups generated by 7 in-
teger 3× 3 matrices [15]. Whether the MMP is also undecid-
able in the case of 2×2 matrices is still an open problem [17].
Turning back to the quantum problem, in terms of the Kraus
operators, the probability for obtaining a particular sequence
j = j1, . . . , jn of outcomes ji ∈ {1, . . . ,K} is
pj = tr(Ajn . . . Aj1ρA
†
j1
. . . A†jn). (2)
Now tr(A†j1 . . . A
†
jn
Ajn . . . Aj1ρ) = 0 for a full rank quantum
state ρ if and only if A†j1 . . . A
†
jn
Ajn . . . Aj1 = 0. Since this is
a positive operator, the latter equality is true if and only if all of
its singular values are zero, i.e., if and only ifAjn . . . Aj1 = 0.
Now we relate an instance of a MMP to a set of suitable
Kraus operators {A1, . . . , A9} ⊂ Q15×15. Our approach is
to take an instance of the MMP, to encode it in Kraus oper-
ators having rational entries, and to complete them such that
they form a trace-preserving completely positive map. The
key point of the argument is that although we extend the di-
mension of the Kraus operators, a zero matrix is still found in
the product of Kraus operators exactly if and only if the cor-
responding MMP contains a zero matrix in the semigroup. A
slight detour in the argument is necessary as we wish to arrive
at Kraus operators with rational entries.
For a given instance {M1, . . . ,M8} ⊂ Z3×3 of the MMP,
define
T :=
8∑
j=1
M†jMj . (3)
Using the three integer matrices P1 := diag(−1, 1, 1), P2 :=
diag(1,−1, 1), P3 := diag(1, 1,−1), and for j ∈ {1, . . . , 8}
set
M8+j := MjP1, (4)
M16+j := MjP2, (5)
M24+j := MjP3. (6)
This gives
32∑
j=1
M†jMj = 4 diag(T1,1, T2,2, T3,3). (7)
Define c ∈ N as c :=
⌈
2 (max{T1,1, T2,2, T3,3})1/2
⌉
. By
virtue of Lagrange’s four-square theorem [16], every natu-
ral number can be written as the sum of four integer squares.
Hence, there exist four diagonal matrices M33, . . . ,M36 such
that
∑36
j=1M
†
jMj = c
2 13. We now set for j = 1, . . . , 8,
Aj :=
4
5c

Mj
M8+j
M16+j 015×12
M24+j
M32+j
 (8)
3with M37, . . . ,M40 := 03 and
A9 :=
(
3
5
13
)
⊕ 112. (9)
The matrices {A1, . . . , A9} ⊂ Q15×15 satisfy
∑9
j=1A
†
jAj =
115, as a simple calculation shows, and thus describe a quan-
tum measurement device.
We are now in the position to reduce the quantum measure-
ment occurrence problem to the problem of deciding whether
the given semigroup contains the zero matrix. If this is the
case, i.e., if there exists a sequence j for whichMjn . . .Mj1 =
0, j1, . . . , jn ∈ {1, . . . , 8}, then Ajn . . . Aj1 has the zero
matrix as its upper-left 3 × 3 block. Moreover, the whole
upper triangular matrix (including the diagonal) is zero as
well, which means that the matrix is nilpotent: there is some
m ≤ 15 such that (Ajn . . . Aj1)m = 0.
Conversely, let us assume that there exists an outcome se-
quence that is never observed, so there exists a sequence j such
that Ajn . . . Aj1 = 0. Let v be the sequence that is obtained
from j by omitting all ji for which ji = 9. Then, by construc-
tion, Mv|v| . . .Mv1 = 0. Therefore, the semigroup generated
by {M1, . . . ,M8} contains the zero matrix.
The QMOP as described so far asks whether certain out-
come sequences have probability exactly equal to zero. From
a physical point of view, it is interesting to note that this result
is to some extent robust, in the sense that it remains valid if
small nonzero probabilities are allowed. To see this, write ev-
ery Kraus operator in the form Aj = Zj/Nj , where Nj ∈ N
and Zj ∈ Zd×d. Then the probability of the sequence j from
Eq. (2) becomes
pj = (Nj1 . . . Njn)
−2 tr(ρZ) ≥ 1
d
N−n tr(Z)
≥ (dN)−n tr(Z), (10)
where Z ∈ Zd×d fulfils Z ≥ 0 and N := maxj N2j ∈ N.
Thus, pj is either exactly zero or not less than δn, where
δ := 1/(dN) is a function of the Kraus operators. Therefore,
the QMOP is equivalent to the following problem: Given K
Kraus operators {A1, . . . , AK} ⊂ Qd×d, is there a finite se-
quence of outcomes j1, . . . , jn which has probability less than
δn (with δ > 0 defined above) if the input is the maximally
mixed state?
Decidability of the classical problem. We now turn to a
corresponding classical problem, the classical measurement
occurrence problem (CMOP). A classical channel is described
by a stochastic matrix Q acting on d-dimensional probabil-
ity vectors ~q. A description of a classical selective measure-
ment device with K outcomes, is given by a decomposition
Q =
∑K
j=1Qj into matrices Q1, . . . , QK with non-negative
entries (such matrices are sometimes called substochastic),
that specify the action of the device on the classical system.
That is, on outcome j the probability vector is transformed
according to
~q 7→ Qj~q∑d
i=1(Qj~q)i
. (11)
This is arguably the most general classical analog of the
QMOP. The probability for obtaining a particular sequence
j1, . . . , jn of outcomes ji ∈ {1, . . . ,K} on an input probabil-
ity vector ~q is
∑d
i=1(Qjn . . . Qj1~q)i. This is zero for an input
vector ~q with all (~q)i > 0 if and only if Qjn . . . Qj1 = 0.
The CMOP is thus obviously equivalent to the MMP with en-
trywise non-negative matrices. For this case the MMP is de-
cidable, which was shown in Ref. [19] for K = 2, and the
general case follows by an essentially equivalent argument.
It shall be noted that our definition of classical devices is
even more general than that of the quantum devices consid-
ered before; it represents the most general form of any con-
ceivable classical measurement device. Namely, we allow for
mixing in each outcome, which would in the quantum case
correspond to a device that applies a whole quantum channel,
not just a single Kraus operator, per outcome.
We now turn to proving decidability of the MMP with el-
ementwise non-negative Kraus operators from which decid-
ability of the classical case and for a subclass of quantum
measurement devices follows.
Theorem 3 (Decidability of the non-negative MMP). The
MMP is decidable for any d× d matrix semigroup generated
by K matrices with non-negative rational entries.
Although the MMP is decidable for matrices with non-
negative entries, it is still a hard problem: even in the case
of K = 2 matrices, this problem is NP-complete [19].
Corollary 4 (Decidability of the classical problem). For any
K and d, both the quantum measurement occurrence prob-
lem (QMOP) with Kraus operators {A1, . . . , AK} ⊂ Q+0
d×d
with non-negative entries and the classical measurement oc-
currence problem (CMOP) are decidable.
In order to prove Theorem 3 we introduce some notation
first. For an elementwise non-negative matrix M we define
the matrix M ′ elementwise by
M ′a,b :=
{
0 if Ma,b = 0,
1 if Ma,b > 0.
(12)
For two such binary matrices M ′, N ′ we define their associa-
tive binary matrix product by M ′ ∗N ′ := (M ′N ′)′. Note that
Mj1 . . .Mjn = 0 if and only if (Mj1 . . .Mjn)
′ = 0, which
in turn holds if and only if M ′j1 ∗ . . . ∗M ′jn = 0. As all ma-
trices in the semigroup S generated by S = {M ′1, . . . ,M ′K}
under the matrix multiplication ∗ are binary matrices, hence
|S| ≤ 2(d2). We finish the proof by arguing that every ele-
ment M ′ of S can be written in terms of at most |S| elements
from S. Fix some M ′ and let j1, . . . , jm be the shortest se-
quence of indices such that M ′ = M ′jm ∗ . . . ∗M ′j1 . Then for
all k < l ≤ m we have M ′jl ∗ . . . ∗M ′j1 6= M ′jk ∗ . . . ∗M ′j1 ,
because otherwise we would obtain a shorter representation of
M by replacing the former product with the latter. Therefore,
for each l ≤ m the product M ′jl ∗ . . . ∗M ′j1 yields a different
elements of S and hence m ≤ |S| ≤ 2(d2).
4Outlook and implications for quantum many-body prob-
lems. We have seen in this work that very natural decision
problems in quantum measurement theory can be undecid-
able, even if their classical counterparts are decidable. In
the specific problem that we considered (quantum measure-
ment occurrence problem), the existence of negative transition
matrix elements renders the quantum problem more complex
than its classical counterpart – that is, the effect of destructive
interference. We conclude by a number of further comments:
Firstly, note that mild variants of the above problem can
easily lead to problems that have efficient solutions. For ex-
ample, if one considers trace-preserving quantum channels,
one can give upper bounds to the number of times a channel
must be applied, so that it maps any density operator to one
with full rank, by virtue of the quantum Wielandt theorem
[20]. Thus, the problem whether there is some n such that the
n-fold application of a nonselective channel yields nonzero
probabilities, for all subsequent measurements and for all in-
puts, is efficiently decidable.
Second, the above statement has immediate implica-
tions to undecidability in quantum many-body physics [21]
and quantum computing. Interpreting the above matrices
{A1, . . . , AK} as those defining matrix-product states [5, 22,
23], several other natural undecidable problems open up.
As an example, consider a family of one-dimensional quan-
tum wires for measurement-based quantum computing in the
sense of Refs. [22]. These wires are described by families of
matrix-product states of length n, being defined by products of
matrices {A1, . . . , AK} (the same set of matrices is taken for
each site), associated with measurement outcomes 1, . . . ,K
in the computational basis. The left and right boundary con-
ditions are fixed as |L〉 = |R〉 = [1 0 . . . 0]T . The task is
to determine whether there exists a sequence of measurement
outcomes j1, . . . , jn that will never occur [24]. The subse-
quent result is a consequence of the above reasoning, together
with the fact that the problem whether the semigroup gener-
ated by integer matrices contains a matrix with a zero element
in the left upper corner is undecidable [15].
Theorem 5 (Undecidability in quantum computing). Given
a description of a family of matrix-product states defined
by the matrices {A1, . . . , AK} ⊂ Qd×d, the task is to de-
cide whether there exists an n and a sequence of outcomes
j1, . . . , jn for a wire of length n of local measurements in the
computational basis that will never be observed. This problem
is undecidable.
Similar reasoning as in the proof of the undecidability of
the quantum measurement occurrence problem suggests that
other questions concerning the characterization of measure-
ment outcomes are undecidable as well. These observations
indicate that undecidability may be a natural and frequent phe-
nomenon in many-body quantum physics and computation.
Similarly interestingly, a number of problems in quantum
information theory seem to be natural candidates for being
potentially undecidable. This applies notably to the problem
of deciding whether a quantum state is distillable, giving a
new perspective to the notorious question of deciding whether
bound entangled states with a negative partial transposition
exist.
Note added. Compare also the recent related independent
work Ref. [25].
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5APPENDIX
For the readers convenience we very briefly sketch the ele-
ments of the argument relating the MMP to the PCP. We con-
sider the PCP over the two alphabets Σ and ∆, where Σ is
arbitrary and ∆ = {2, 3}. Even though ∆ is fixed, this ver-
sion of the PCP is still undecidable [13]. In order to relate this
problem to a matrix problem, set Γ := {1, 2, 3} and consider
the map f : Γ∗ → N defined as
f(w) =
|w|∑
j=1
wj3
|w|−j (13)
for all nonempty wordsw over Γ, where |w| denotes the length
of w. f(w) is the 3-adic representation of w. Now continue
to define the function F : Γ∗ × Γ∗ → N3×3 as
F (u, v) =
 1 0 11 1 0
0 0 1
 3|u| 0 00 3|v| 0
f(u) f(v) 1
 1 0 11 1 0
0 0 1
−1 .
(14)
Let now (h, g) be an instance of PCP, h, g : Σ∗ → ∆∗. For
each such instance, define the 3× 3-matrices
Xa = F (h(a), g(a)), Ya = F (h(a), 1g(a)) (15)
for a ∈ Σ. Let S be the matrix semigroup generated by
{Xw, Yw : w ∈ Σ}. One then continues to consider matrix
products
M = Mw1 . . .Mwn ∈ S (16)
for a given word w = w1 . . . wn, where Mwj = Xwj or
Mwj = Ywj . The key step of the proof of Ref. [13], deriv-
ing from the encoding of Ref. [12], is to show that M1,1 = 0
(denoting the upper left element of the matrix) holds true if
and only if w is a solution of the instance (h, g). This shows
that the problem to decide whether the semigroup contains an
element the upper left element of which is zero is undecidable.
By adding the idempotent matrix
B =
 1 0 00 0 0
0 0 0
 (17)
as an additional generator to the set of matrices {Xw, Yw :
w ∈ Σ}, it is then a simple step to reduce the MMP to the
PCP. In Ref. [13], it is shown that we may choose |Σ| = 7
and specific forms of the product (16), which gives a count of
exactly 8 matrix generators.
